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Abstract 

We write in superspace the lagrangian containing the fourth power of the 
Weyl tensor in the "old minimal" d = 4, J\f = 2 supergravity, without local 
SO (2) symmetry. Using gauge completion, we analyze the lagrangian in 
components. We find out that the auxiliary fields which belong to the Weyl 
and compensating vector multiplets have derivative terms and therefore 
cannot be eliminated on-shell. Only the auxiliary fields which belong to 
the compensating nonlinear multiplet do not get derivatives and could still 
be eliminated; we check that this is possible in the leading terms of the 
lagrangian. We compare this result to the similar one of "old minimal" 
A/" = 1 supergravity and we comment on possible generalizations to other 
versions of A/" = 1,2 supergravity. 
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1 Introduction 



The supersymmetrization of the fourth power of the Riemann tensor has been an 
active topic of research. In four dimensions, a term hke this would be the leading 
bosonic contribution to a possible three-loop supergravity counterterm [1]. In type I 
supergravity in ten dimensions, an TZ'^ term is necessary to cancel gravitational anoma- 
lies [2, 3]. TZ'^ terms also show up in the low energy field theory effective action of both 
type II and heterotic string theories, as was shown in [4, 5, 6]. 

In previous papers [7, 8] we have worked out the J\f — 1 supersymmetrization of 
Ti^ in four dimensions. We have shown that, in the "old minimal" formulation with 
this term, the auxiliary fields M, N could still be eliminated, but could not (it got 
derivative couplings in the lagrangian that led to a dynamical field equation). 

The goal of this article is to extend this supersymmetrization to A/" = 2 supergravity, 
which also admits off-shell formulations, and compare the result to the M —1 one. 

We start by briefly reviewing how one can obtain the "old minimal" (without local 
S0(2)) A/" = 2 Poincare supergravity from the conformal theory by coupling to com- 
pensating vector and nonlinear multiplets. We then write, in superspace, using the 
known chiral projector and chiral density, a lagrangian that contains the fourth power 
of the Weyl tensor. We start expanding this action in components and we quickly 
conclude that some of these auxiliary flelds get derivatives and cannot be eliminated. 
For the other auxiliary fields, we make a more detailed analysis and we show that their 
derivative terms cancel and, therefore, it should still be possible to eliminate them. We 
analyze, for which multiplet (Weyl, compensating vector and compensating nonlinear) 
which auxiliary fields can and which cannot be eliminated. We proceed analogously 
in the J\f — 1 case, using the previous known results. We compare the two cases and 
discuss what can be generalized to other versions of both these theories. 

In appendix B we give a survey of curved SU(2) superspace, namely its field content 
and the solution of the Bianchi identities. 

2 J\f = 2 supergravity in superspace 

2.1 J\f =2 conformal supergravity in superspace 

Conformal supergravity theories were found for A/" < 4 in four dimensions. These 
theories have a local internal U(A/') symmetry which acts on the supersymmetry gene- 
rators and S% with a — 1, • • • , A/"; they can be formulated off-shell in conventional 
extended superspace, with structure group S0(l,3) xU(A/'), where their actions, writ- 
ten as chiral superspace integrals, are known at the full nonlinear level. The first 
discussion of the conformal properties of extended superspace was given in [9]; other 
later references are the seminal paper [10] and the very nice review [11]. Here we 
summarize the main results we need. 

In superspace, the main objects are the supervielbcin and the superconnection 
^AAf^ (which can be decomposed in its Lorentz and U(A/') parts), in terms of which 
we write the torsions Tj^j^ and curvatures Rmn^ ■ Their arbitrary variations are given 
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Symmetries that are manifest in superspace are general supercoordinatc transforma- 
tions (which include x-space diffeomorphisms and local supersymmetry) , with para- 
meters and tangent space (structure group) transformations, with parameters A^-'^. 
One can solve for Hj^^ and ^mn' terms of these parameters, torsions and curvatures 
as 
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but this does not fix all the degrees of freedom oi H^^ [10, 11]. Namely, H ■ 
remains an unconstrained superfield and parametrizes the super- Weyl transformations, 
which include the dilatations and the special supersymmetry transformations. 

J\f — 1,2 Poincare supergravities can be obtained from the corresponding conformal 
theories by consistent couplings to compensating multiplets that break superconformal 
invariance and local U(A/'). There are different possible choices of compensating multi- 
plets, leading to different formulations of the Poincare theory. Because of its relevance 
to this paper, we will briefly review the M — 2 case, which was flrst studied in [9]. 

The N — 2 Weyl multiplet has 24-1-24 degrees of freedom. Its field content is given 
by the graviton e^, the gravitinos '0^°, the U(2) connection an antisymmetric 
tensor Wmn which we decompose as VF^^^^ = 2ej^j^WAB + 2eABWj^^^, a spinor and, 
as auxiliary field, a dimension 2 scalar /. In superspace, a gauge choice can be made 
(in the supercoordinate transformation) such that the graviton and the gravitinos are 
related to ^ = components of the supervielbein (symbohcally £'n^ ) : 
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In the same way, we gauge the fermionic part of the Lorentz superconnection at order 
^ = to zero and we can set its bosonic part equal to the usual spin connection: 
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The U(2) superconnection $n is such that 
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(2.7) 



The other fields are the ^ = component of some superfield, which we write in the 
same way. 

The chiral superfield Was is the basic object oi M = 2 conformal supergravity, in 
terms of which its action is written. Other theories with different H have its analogous 
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superfield (e.g. Wabc in jV = 1), but with different spinor and (S)U(A/') indices. A 
common feature to these superfields is having the antiself-dual part of the Weyl tensor 
^ABCD ■■= -l^^upa'^AB'^CD t^eir 9 expansion. 

In U(2) Af = 2 superspace there is an off-shell solution to the Bianchi identities. 
The torsions and curvatures can be expressed in terms of superfields Wab, Yab, U^^, 
Xab, their complex conjugates and their covariant derivatives. Of these four superfields, 
only Wab transforms covariantly under super- Weyl transformations [10]: 



SWab = HWab 



(2.8) 



The other three superfields transform non-covariantly; they describe all the non-Weyl 
covariant degrees of freedom in H, and can be gauged away by a convenient (Wess- 
Zumino) gauge choice. 
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Another nice feature of A/" = 2 superspace is that there exists a chiral density e and an 
antichiral projector, given by [11] 



V^"V^ (Vf Vb(, + IQXab) - V^«Vf {w\WBb - IQiYab) 



(2.12) 



When one acts with this projector on any scalar superfield, one gets an antichiral 
superfield (with the exception of Wab-, only scalar chiral superfields exist in curved 
H — 2 superspace). It is then possible to write chiral actions [12]. 



2.2 Degauging U(l) 

The first step for obtaining the Poincare theory is to couple to the conformal theory 
an abelian vector multiplet (with central charge), described by a vector A^, a complex 
scalar, a Lorentz-scalar SU(2) triplet and a spinorial SU(2) dublet. The vector 
is the gauge field of central charge transformations; it corresponds, in superspace, to 
a 1-form An with a U(l) gauge invariance (the central charge transformation). This 
1-form does not belong to the superspace geometry. 

Using the U(l) gauge invariance we can set the gauge 

An| = (A^,0) (2.13) 

The field strength Fns is a two-form satisfying its own Bianchi identities V[ri^ns} = 0. 
Here we split the U(2) superconnection into a SU(2) superconnection and a 
U(l) superconnection (^n; only the later acts on An: 

= < - ^^"Vn (2.14) 
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One has to impose covariant constraints on its components (like in the torsions), in 
order to construct invariant actions: 

Ff^ = 2s/2e abs^'^F (2.15) 
F% = (2.16) 

By solving the FnE Bianchi identities with these constraints, we conclude that they 
define an off-shell M = 2 vector multiplet, given by the ^ = components of the 
superfields 

A,, F, Fl = If^\a^ = ^ (- Vf + FX\ + FX\) (2.17) 

F^\ is an auxiliary field; = if the multiplet is abelian (as it has to be in this 
context). F is a Weyl covariant chiral superfield, with nonzero U(l) and Weyl weigths. 
A superconformal chiral lagrangian for the vector multiplet is given by 



/ 



eFV6' + h.c. (2.18) 



In order to get a Poincarc theory, we must break the superconformal and local abelian 
(from the U(l) subgroup of U(2) - not the gauge invariance of A^) invariances. For 
that, we set the Poincare gauge 

F = F = 1 (2.19) 
As a consequence, from the Bianchi and Ricci identities we get 

(^^ = (2.20) 
F^ = (2.21) 

Furthermore, C/^^ is an SU(2) singlet, to be identified with the bosonic U(l) connection 
(now an auxiliary field): 

Ka = ^"'^Ai = e^'fAA (2.22) 

Other consequences are 

Faabb — 

^/2^ [sab {Wj,^ + Yj,^) + {Wab + Yab)\ (2.23) 
F^ = (2.24) 
^ = (2.25) 

(2.23) shows that W„m is now related to the vector field strength F„in- emerges 
as an auxiliary field, like X^b (from (2.24)). We have, therefore, the minimal field 
representation oi H — 2 Poincare supergravity, with a local SU(2) gauge symmetry 
and 32+32 off-shell degrees of freedom: 

e-, A,, A^, / (2.26) 

Although the algebra closes with this multiplet, it does not admit a consistent la- 
grangian because of the higher-dimensional scalar / [14] . 
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2.3 Degauging SU(2) 

The second step is to break the remaining local SU(2) invariance. This symmetry 
can be partially broken (at most, to local S0(2)) through coupling to a compensating 
so-called "improved tensor multiplet" [15, 16], or broken completely. In this work, 
wc take the later possibility. There are still two different versions of off-shell M = 2 
supergravity without SO (2) symmetry, each with different physical degrees of freedom. 
In both cases we start by imposing a constraint on the SU(2) parameter L"^ which 
restricts it to a compensating nonlinear multiplet [17] ^: 

V\L^ = (2.27) 

From the transformation law of the SU(2) connection 

= -Vm^^"^ (2.28) 

we can get the required condition for L"^ by imposing the following constraint on the 
fermionic connection: 

^abc ^ 2£«&p^ (2.29) 

This constraint requires introducing a new fermionic superfield p^. We also introduce 
its fermionic derivatives P (a complex scalar) and (see appendix B.l). The previous 
SU(2) connection is now an unconstrained auxiliary field. The divergence of the 
vector field Hm is constrained, though, at the linearized level by the condition V"^Hm — 
\R— -^I- The full nonhnear constraint is 

- mp\Xi - A^p^W^B^^ + 48pf 1^^^^" + A^ip^p^^Wab 

+ 48zp^«V^^p^ + 96zp^*ip^ (2.30) 

which is equivalent to saying that /, now defined by (B.9), is no longer an independent 
field. This constraint implies that only the longitudinal part of Hm belongs to the non- 
linear multiplet; its divergence lies in the original Weyl multiplet. From the structure 
equation 

Run' = Em^E^"" {dA^u' + n^^'^^,' - (-)^" {A ^ U)} (2.31) 

and the constraint/definition (2.29), we can derive off-shell relations for the (still SU(2) 
covariant) derivatives of p% which we collect in appendix B.2. 

Altogether, these component fields form then the "old minimal" J\f — 2 40-1-40 
multiplet [18]: 

e;r, <^ A,, ^f, A^, Xab, Hm, P, p\ (2.32) 

This is the formulation of A/" = 2 supergravity we are working with. The other pos- 
sibility (also with SU(2) completely broken) is to further restrict the compensating 

^Actually, condition (2.27) restricts L"^ to a tensor multiplet, which is the linearization of the 
nonlinear multiplet. This is enough for our analysis. 
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non- linear multiplet to an on-shcll scalar multiplet [19]. This reduction generates a 
minimal 32+32 multiplet (not to be confused with (2.26)) with new physical degrees 
of freedom. We will not pursue this version of A/" = 2 supergravity in this work. 



2.4 J\f = 2 Poincare supergravity in superspace 

The final lagrangian of "old minimal" J\f — 2 supergravity is given by ^ [17, 20] 

- ^el^.y'^'^ - ^eX"^X„b + - ^ePP - ^eff^ + 6$^,$^" + ^iep^^A^a 

- iePp^'^pAa - iePp^'PAa - ^ep^'P^U^A 

^Aa^fj, ^1, . vAb I „^Aa^t^ „/, vAB , „-„„Aa^M „/, TT^A 



+ ^ep^V^^V,^„[/^^ + Jep^V^^V^fi^ + ^ep^V^^^^^P 



+ ptol^^bKA - W'^^'^BaHAA + W^^^fr^Hj^A (2.33) 



The final solutions to the Bianchi identities in SU(2) J\f —2 superspace are listed in 
appendix B. We present both the expressions for the torsions and curvatures and the 
off-shell differential relations among the superfields (appendix B.2). As first noticed in 
[9], these solutions only depend on Wab (a physical field at ^ = 0), p^ (an auxiliary 
field at = 0), their complex conjugates and their covariant derivatives. Here we 
present for completeness the full expansion of the (anti)chiral density e [20]: 
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2 -AO- ■ -AB^ ^CC^t^B 

- i^ABe'^'^'cC^^^X^^B i^F^' + r'^'i^Ee + V^'^le) 

+ 2a^^V^" {^^eBcX'' - Ss^^r^c) + KA^>BB^^'<'cct 

- ^KAK^^BB^^x'^ici^^." + 2^a^^^iJt''alB^T^lc€' 



Cc 



^'Vfj^ is just the usual Lorentz covariant derivative (not U(2) covariant). 
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^ nAnBnb na 



This allows us to write, up to total derivatives, 

3 



/ 



e<fe + h.c. 



(2.34) 



(2.35) 



3 The super symmetric IZ^ lagrangian 

Our goal in this article is to supersymmetrize the fourth power of the Weyl tensor. 
(There are indeed, in four dimensions, thirteen independent scalar fourth-degree poly- 
nomials of the Riemann tensor, but we are only interested in a particular one. See [7] 
for a complete discussion.) As mentioned before, Wab contains in its 9 expansion the 
antiself-dual part of the Weyl tensor (see (B.17)). 



3.1 The lagrangian in superspace 

Analogously to [7], we write the super symmetric TZ^ lagrangian in superspace, using 
the chiral projector and the chiral density, as a (quantum) correction to the pure 
supergravity lagrangian: 



4^2 

- v^"vf {y\VBb - i^iYAB)) Ww^] (fe + h.c. 

= CsG + Cn^ (3.1) 

q; is a (numerical) constant (we use a different definition from [7, 8]). Up to that 
(unknown) numerical factor, this can be seen as a three-loop J\f — 2 supergravity 
effective action or, equivalently, as a four dimensional M — 2 string/M-theory effective 
action resulting from a compactification and truncation from ten/eleven dimensions. 
After the superspace integration, (3.1) comes, in terms of components, as 

£7^4 = an^ I tcjxi^d + h.c. 



- ^/Sa/r^'\ + l/"'"'B''\Aa + + h.c. (3.2) 

where we have defined the chiral superfield 

= (V^'^V^ (Vf V^, + 16X„,) - V^«Vf (V^V^, - mYj,^)) W^W' (3.3) 
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and 

^AaBb = ^[VAa,VB6]0| 
^bCc = I i^Aa [VBfe, Vcc] + ^Bb [^Cc, ^ Aa] + ^ Cc Aa, V Bb]) 0| 

0^'^ = 2^V^«V^MVa.,V5J0| (3.4) 

As one can see from the component expansions in appendix B, the term e'^'^V^^^ + h.c. 
clearly contains the fourth power of the Weyl tensor, more precisely (using the notation 
of [7]) eWlWl. 

3.2 The lagrangian in components 

We now proceed with the calculation of the components of (p and analysis of its 
field content. For that, we use the differential constraints from the solution to the 
Bianchi identities and the commutation relations listed in appendix B to compute the 
components in (3.4). The process is straightforward but lengthy. 

We start by expanding (f) as 

fi4 

- UiW^X^'W^^'^V^^W^cAb - y (v^^Xao) Wi^A""' 



CDBa 



+ y'^'Yab (v^«^^^) + f ^^V^^^^^V^«A6„ (3.5) 

All the terms in (3.5) can be immediately computed by using the differential relations in 
appendix B.2, except for the first two, which require a substantial amount of derivatives 
to compute. 

In order to compute V^„VF , we use the known relation for ^Aa^CD- 

VAaW = 2W'^^VAaWcn = "^iW^^WcnAa - ^Wab^^ (3-6) 
With this result, we can compute 

^Bb'^AaW' = 4z (V^,W^^^) + 4z^^^V^,Wc;d^„ 

- l(^BbWAc)^i-lwAcVB,Ai (3.7) 
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The field content implicit in these relations may be seen from the differential relations 
in appendix B.2. 

From (3.7), we can proceed computing: 



DEAa 
DEAa 



3 



D 



(3i 



We got some second spinorial derivatives of superfields, as expected, which we can 
compute by differentiating some of the relations in appendix B.2. We list the results 
in appendix C.l. 

Prom (3.8), we finally get 



- 3 (VccVs^W^ii;) 
4 



3 

{^m^mW^^) ^CcWEFAa 

+4i (V 



3 



,W^^) V 



bd^EFAa 



+ 4i(Vc;,VB, 



EFAa 



Dd ^ Cc 



^Bb^EFAa 



^bd^Bb^EFAa 



+4^ (V^,W^^) Va,V^,W^pAa + 4^H/^^V^,Vc,,V^,V^^^^i;3.9) 

As expected, we get some third spinorial derivatives of superfields, which we can com- 
pute by differentiating some of the relations from the previous section and in appendix 
B.2. We list the results in appendix C.2. 

When a spinor derivative acts on a vector derivative of a superfield, first we commute 
the two derivatives with the help of the torsions and curvatures listed in the appendix 
B. Then we use the gauge choices (2.5), (2.6) and (2.7) to write 

V^|=V^ (3.10) 

is a Lorentz and SU(2) covariant derivative. For an arbitrary superfield G we have 
then 

1 _ ^, 1 „, ^^^^^ 



V^GI = e^V, G\ - -C^ VAaG\ - -^^ Vi„G| 

The equations we have been obtaining allow us to determine the field content of 0|, by 
replacing the equations with fewer spinorial derivatives (starting from the differential 
relations in appendix B.2) in the ones with more spinorial derivatives, and by suitable 
index contraction and derivative commutation. 
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This same relations (more precisely, their complex conjugates) will also be useful 
for calculating the higher 9 components of (j). Other differential relations will be ne- 
cessary: the series of spinorial derivatives will act on 0|, which after the full component 
expansion contains much more fields (not only Wab)- These fields will also be acted 
on by four spinorial derivatives, which we have not computed (and, as we will see next 
section, we don't need to). The computations are straightforward, like the one we did 

2 

for W . Rather than performing them, we prefer to deduce some of their properties, 
using the results we have. 

4 The field equations for the auxihary fields 

Having seen how to obtain the supersymmetric 7?.^ lagrangian in components, we 
are now in a position to analyze the auxiliary field sector. Our main goal is to figure 
out which auxiliary fields, with this TZ^ correction, do not get spacetime derivatives in 
the action (i.e. have an algebraic field equation and can be eliminated on-shell), and 
which do get. We start by the J\f = 2 case, the lagrangian of which we have been 
determining. Then we summarize the J\f = 1 case, which we analyzed in previous 
works, and we compare the two cases. 

4.1 The TV = 2 case 

We start by recalling that, in pure supergravity, both in Af — 1 and in J\f — 2, the 
auxiliary fields are equal to on-shell [20] . 

Just by looking at the differential relations in appendix B.2, it is immediate to 
conclude that, if a ^ Bb^coAa term shows up in the lagrangian, one gets derivatives of 
^"^^ and of U„i. This term shows up already in V^^V^^VF (which shows up, by itself, 
in higher 9 components of 0). Dotted spinor derivatives of ^"^^ and Um will introduce 
the physical superfields W(=.fj, Wqjj^^^, Y^jj^^ and the auxiliary superfields Y^^, Xab, A^a 
(but not A^^). It also introduces a derivative of the superfield p^^. These superfields 

2 

get then one derivative - actually gets two - in the term VfS^V Bb^AaW ■ 

Just by inspection, we expect these auxiliary fields to have derivatives. To actually 
compute the coefficient of their derivative terms is a hard task - basically it would 
be equivalent to computing all the terms in the lagrangian, which would require an 
enormous amount of algebra. Fortunately, it is possible to compute their leading 
derivative terms using a simple trick. 

In the previous section we obtained an expression for (6| in terms of spinorial deriva- 
tives of superfields. To compute higher 9 terms, we act on with undottcd spinor 
derivatives. From (3.5) we see that these derivatives either act on W"^, W^^(j^, Xab, 
A^^, Y^^ or their spinor derivatives - giving rise to the equations we got in computing 
01, but complex-conjugated -, or they act on four dotted spinorial derivatives of W . 
Each undotted derivative can be anticommuted with a dotted one (giving rise to a 

2 

vector derivative and curvature terms), until it finally acts in W - resulting 0. The 
torsion and curvature terms we get in this process, after all undotted derivatives are 
taken, include other superfields like U^^, Y^^^^, the spinor derivatives of which we 
know from computing 0|. Therefore, the higher 9 terms of are either products of 
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terms we already know from (f)\, or overall vector derivatives. Since the higher 9 terms 
are multiplied, in the action (3.2), by a corresponding term of the chiral density, we 
can integrate by parts the derivatives in the higher 9 terms and have them acting in 
the chiral density! Therefore, all the lower terms in the chiral density are acted in 
the action by n vector derivatives. Looking at the chiral density in (2.34), we conclude 
that Xab and have terms with at least two derivative in the action, and A^^ has 
terms with at least one derivative in the action. These terms cannot be eliminated by 
integration by parts. 

Furthermore, Um and also get derivatives in the action. The reason is the 
following: the vector derivatives we get come from superspace and, therefore, are (or 
can be made) Lorentz and U(2) covariant. ^ The physical theory should be only Lorentz 
invariant; the U(l) and SU(2) connections should be seen respectively as the Um and 
$^ auxiliary fields. Therefore, terms with n vector (Lorentz and U(2) covariant) 
derivatives give rise to n — 1 vector Lorentz covariant derivatives of Um and <l>^. 

Derivatives of P and Hm superfields still have not appeared up to now. By our 
previous arguments, if these derivatives do not appear in (f)\, they do not appear at 
all, since these superfields do not appear in the chiral density except in the highest 9 
term. Therefore, all that is left to do is check that 0| has no derivatives of p'\, P, their 
hermitean conjugates and Hm- 

4.1.1 Derivatives of P and Hm in V^ftV^^TF^ and Vc-^V^bV^^W^ 

The P and Hm superfields only appear in ^Bb^Aa^^ through /, which belongs to 
the original Weyl multiplet and is given by (2.30), and its derivatives ^. Recall that / 
itself has a divergence V^^iJ^^ and derivatives ^ BsPAa^ shows up already in the 
expansion of V^^V^^VF^ in (3.7), through V^f,A^^. These derivatives already show up 
at this early stage, and will keep showing up as the calculation goes. We anticipate that 
we will be interested only in derivatives of fields coming from the nonlinear multiplet. 
Therefore, from now on when we refer to "derivatives of Hm" we are excluding its 
divergence. 

2 

As we keep going and compute c<N Bh^ AaW i ^^^^ derivatives in which 

we are interested come only from the S/q^I term; all the other terms in (3.8), which 
we computed in terms of known expressions in appendix C.l, contribute at most with 
Vj^,^H^^ terms. 

The complete expansion for V^^/ is given by (C.4) in appendix C.l. For each term 
in this equation, we compute in appendix D.l its content in terms of the derivatives 
of interest. Now, here a surprise happens: after all the contributions have been ana- 
lyzed, we conclude that they all precisely cancel in such a way that Vfj^J contains no 

^In this paper, they arc just SU(2) covariant, by our choice. The choice of tangent group in 
superspace is a matter of convenience. We could have kept the U(2) covariance, and the argument in 
the text would be valid directly, but we broke this covariance to SU(2). We get them extra Um terms 
- U„i was the U(l) connection -, which would be reabsorbed in the derivatives, if the U(2) covariance 
had been kept. 

^We will be only looking for derivatives of P because, although this superfield is chiral, it is 
generated (and acquires derivatives) through ^ sbPAa ^^'^ ^Bb^AA- complex conjugate, P, does 
not get derivatives in (j), but gets them in (p. 
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derivatives of P or of Hm (with the exception of V^^H^^ , as before). This result is 
easily obtained from (C.4) and the expressions from appendix D.l. This shows that 

2 

derivatives of P and Hj^ do not come up to V^j^Vg^V^^H^ . 

4.1.2 Derivatives of P and Hm in od^ Cc"^ m"^ AtW'^ 

An even bigger surprise is that these derivatives also cancel in those terms from 
^ Dd^ Cc^ Bb^ Aa^ which we wiU be interested. The procedure we took to fully 
check these cancellations was analogous to the previous case: we expanded each term in 
(3.9) in terms of known expressions in appendix C.2. For those terms which had deriva- 
tives of interest, we computed their derivative content in appendix D.2. We summed 
all the possible contributions for each term in (3.9) and we list them next. During the 
partial calculations we see lots of independent terms appearing from different sources, 
but at the end we found several remarkable cancellations of those terms. The most 
remarkable one happens in V^^^V^j^/, which is part of the term with V^,^ V^^V^^A^^ 
in (3.9). As it can be seen from the expansion of cJ cqiiation (C.14), in order 

to get the derivative content of this term we need contributions from every expression 
in appendix D. It turns out, though, after a lot of algebra, that all the contributions 
precisely cancel in such a way that V d^S absolutely no derivatives of P or H^n 
besides V ^^H^^, exactly hke V^^/ in the previous section. All these results can be 
checked using the equations in appendices C and D. After performing all the calcu- 
lations, the final result is then the following: the only nonvanishing contributions to 
interesting derivative terms in (3.9) come from 

'^Dd^Cc'^Bb^EFAa = bA^ DC^dc^ab'^\H^p + bA^ DC^dc^^ab"^ AF^ (^-l) 

2 

These terms actually do not vanish in V^,^ V^^^ V^j, V^^VF , but they do vanish in 
(p. This is because, as it may be seen from (3.5), (f) only contains the combina- 
tions V^^^V^VfV^jW^ and V^" VfV^ V^^TF^ In the first combination, we need 

V^^V^'^VF^^^'^, while in the second we need V-'^V^V^VFgpfj^. Both these com- 
binations have no derivatives of interest, as one sees from (4.1). 

The other terms from (3.5) do not have any interesting derivatives, as it may be 
easily seen from the equations in appendix B.2. We thus have shown that in 0| there 
are not any derivatives of P or Hm, apart from the divergence of this last field. 

4.1.3 Higher 9 terms of (j) 

We have shown that contains no derivatives of P or the transversal part of Hm- 
For that purpose, we needed to compute spinor derivatives of all the superfields of "old 
minimal" J\f = 2 supergravity. As one can see from the results of appendix D, not 
all spinor derivatives of superfields originate the vector derivatives we were looking at; 
only the spinor derivatives of the "dangerous" superfields p^, P, H^, and originate 
such derivatives. 

In order to compute the higher 9 terms of (j), we act on (3.5) with undotted spinor 
derivatives and follow the procedure described in the beginning of this section. We will 
find only terms that we have already computed but, most important, we will only find 
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spinor derivatives of the "safe" superfields Wab, W^abcc -^ab^ ^Cc^ ^abi ^aai ^abcci 
of their spinor derivatives, but not of any of the "dangerous" ones. These superfields 
are "safe" even in the sense that they are "closed" with respect to differentiation: 
spinor derivatives of "safe" superfields only originate "safe" superfields. 

This way, we conclude there are no derivatives of P or the transversal part of Hm 
in the H — 2 supersymmetrization of the fourth power of the Weyl tensor. 

4.1.4 The behavior of p\ 

Our results indicate that in A/" = 2 "old minimal" supergravity with the V} correc- 
tion, the bosonic auxiliary fields from the compensating nonlinear multiplet do not get 
derivatives and can still be eliminated. Auxiliary fields from the Weyl (l^n, ^Aa-i Um, 
and vector (Xab) multiplets get derivatives and cannot be ehminated. 

The only unclear result is the behavior of the fundamental (in terms of which all the 
others are defined) auxiliary field p'\. Derivatives of (and of its hermitian conjugate) 
are not generated by the process of integration by parts we mentioned, but they are 
constantly being generated in the computation of 0| already from its beginning. This 
is because these derivatives exist already in the simple differential relations of appendix 
B.2 and in the definition (2.30) of /. This is why we have not fully calculated these 
derivatives, as we did with the other superfields: that would require computing a big 
number of terms and, for each term, a huge number of different contributions. This is 
probably because belongs to a nonlinear multiplet. It would seem a miracle that all 
these derivative terms would cancel, but we have not shown that they do not cancel and 
we cannot rule it out! We can at least provide arguments supporting the hypothesis 
of cancellation. And there are at least two good ones. The first argument is that it 
seems strange (although it is not impossible) to have a field (p^) with a dynamical field 
equation while having two fields obtained from its spinorial derivatives (P and Hm - 
see appendix B.l) without such an equation. The second argument is that p% like P 
and Hm, are intrinsic to the "old minimal" version oi H — 2 supergravity; they all 
come, as we saw, from the same multiplet. The physical theory does not depend on 
these auxiliary fields and, therefore, it seems natural that they can be eliminated from 
the classical theory and its quantum corrections. We checked that P and (transversal) 
Hjri can be eliminated; the same should be expected for p^. If that was the case 
that the derivatives of p\ would cancel, its field equation would be some function 
of the "dynamical" auxiliary fields and their derivatives, such that when replaced in 
their definitions in appendix B.l, it would result in differential (i.e. dynamical) field 
equations for these fields. 

4.2 The J\f =1 case 

The fields of A/" = 1 conformal supergravity multiplet are the graviton e™, the 
gravitino tf)^ and a U(l) gauge field A^. (The dilation gauge field can be gauged 
away.) Just with these fields, the superconformal algebra closes off-shell. Each one of 
these is a gauge field; the corresponding gauge invariances must be considered when 
counting the number of degrees of freedom. In particular, has 4-1=3 degrees of 
freedom [21, 22]. 
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To obtain the "old minimal" formulation of A/" = 1 Poincare supergravity [23, 
24], we take the superconformally invariant action of a chiral multiplet. In order to 
break the superconformal and local U(l) invariances, one must impose some constraint 
which restricts the parameters of their transformation rules to the chiral multiplet. In 
superspace this is achieved by imposing the following nonconformal torsion constraint 
[25]: 

TArrT = (4.2) 

This constraint implies the known off-shell constraints and differential relations 
between the N — 1 supergravity superfields i?, Gm, Wabc'- 

V^R = (4.3) 

V^G^s = ^V^i? (4.4) 

V^Wabc = i{^BAGc^ + VcAGB^) (4.5) 

which imply the relation 

V'^R - V^R = 96iV"G„ (4.6) 

The (anti)chirality condition on R, R implies their ^ = components (resp. the 
auxiliary fields M — iN,M + iN) lie in antichiral/chiral multiplets; (4.4) shows the 
spin-1/2 parts of the gravitino lie on the same multiplets and, according to (4.6), so 
does d^Af^ (because G„i\ = A„i).^ 

In previous works, we have considered a similar problem to the one in the present 
paper: supersymmetrizing the fourth power of the Weyl tensor, Vy^Wi, in the "old 
minimal" formulation of jV" = 1 supergravity [8] . When we took the superspace action 
which included this term, we obtained algebraic field equations for R, R. According 
to (4.6), V"'Gn also obbeys an algebraic equation. The auxiliary fields that belong to 
the compensating multiplet can thus still be eliminated. This is not the case for the 
auxiliary fields which come from the Weyl multiplet (Am), as we obtained, in the same 
work, a differential field equation for G^. 



4.3 Possible generalizations 

It would be interesting to figure out how the results we got can be generalized. 
Both J\f — 1 and J\f — 2 supergravities admit other minimal formulations, with diffe- 
rent choices of compensating multiplets and different sets of auxiliary fields. In "new 
minimal" A/" = 1 [26], the chiral compensating multiplet is replaced by a compensa- 
ting tensor multiplet that still breaks conformal invariance but leaves the local U(l) 
invariance unbroken. In the "new minimal" Af — 2 [15], one still has the compensating 
vector multiplet that breaks conformal and local U(l) invariances, but the nonlinear 
multiplet is replaced by an "improved tensor" compensating multiplet that breaks local 
SU(2) to local S0(2). 

The obvious observation is that both in J\f = 1 and M = 2 the auxiliary fields from 
the tensor multiplets do not get derivatives in the super symmetric Ti} action, while 
the auxiliary fields from the Weyl (and vector m. M — 2) multiplets do get. This way 

^The remaining scalar off-shell degree of freedom is the trace of the metric. 
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we notice that, in the cases we analyzed, the auxihary fields that can be eliminated 
come from multiplets which, on-shell, have no physical fields; while the auxiliary fields 
that get derivatives come from multiplets with physical fiels on-shell (the graviton, the 
gravitino(s) and, in A/" = 2, the vector). Our general conjecture for TZ'^ supergravity, 
which is fully confirmed in the "old minimal" M — 1 case, can now be stated: the 
auxiliary fields which come from multiplets with on- shell physical fields cannot be 
eliminated, but the ones that come from compensating multiplets that, on shell, have 
no physical fields, can. 

This analysis should also be extended to nonminimal versions of these theories. 
These nonminimal versions would have fermionic auxiliary fields (also vaH — 1). This 
should be part of another project, and we leave more definite results to another work. 
Maybe by understanding the behavior of these fermionic auxiliary fields (and the ones 
in "new minimal" A/" = 2) we could fully understand what in this paper we have just 
conjectured: the behavior of the auxiliary field p\ in " old minimal" jV = 2 supergravity. 
Possibly the computations would get easier in other versions of the M — 2 theory; the 
fact that they were difficult in the "old minimal" formulation, particularly the ones 
concerning p^, is probably simply due to the presence of the nonlinear multiplet. 

A generalization of these results to A/" = 3,4 Poincarc supergravity theories, which 
can also be seen as broken superconformal theories, is more difficult. This is because 
these theories do not have an off-shell formulation in conventional superspace. A 
formulation like this could still be possible, but either in harmonic superspace or with 
multiplets with central charge. 

5 Conclusions 

We wrote down an action containing an TiJ^ correction to "old minimal" J\f = 2 
supergravity. We analyzed its auxiliary field sector, and we concluded that the auxiliary 
fields belonging to the Weyl and compensating vector multiplets acquire derivatives 
with these correction and cannot be eliminated on-shell. We checked that all the 
terms with derivatives for the bosonic auxiliary fields from the compensating nonlinear 
multiplets cancel; we argued that the same should be true for the fermionic auxiliary 
field from this multiplet, although we have not performed the full calculation in order 
to reach a definitive conclusion. 

In "old minimal" A/" = 1 supergravity a similar result is valid: the auxiliary field 
from the Weyl multiplet cannot be eliminated on-shell with the 7^^ correction, while 
the ones from the chiral compensating multiplet can. We then conjectured that analo- 
gous results about the Weyl and compensating multiplets should be vahd for the other 
versions oiAf— 1,2 supergravity. In general, we conjecture that auxiliary fields which 
come from multiplets with on-shell physical fields cannot be eliminated, but those ones 
that come from compensating multiplets without any on shell physical fields can be 
eliminated. These results should help to clarify the structure of the supersymmetric 
TZ^ actions in more complicated and less understood theories, either with more super- 
symmetries (in d — 4) OT in higher dimensions. 

The direct supcrsymmetrization of higher order terms in 10 and 11 dimensions 
has been an active topic of research, although lots of questions remain open. Some 
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superinvariants associated with the V} term have been studied [27, 28, 29, 30, 31, 
32, 33], but complete supersymmetric effective actions including all the leading order 
corrections to supergravity are still lacking. In M-theory, because of the absence of 
a microscopical formulation, the construction of superinvariants would be even more 
important. Hopefully the results we have been getting in four dimensions will provide 
some insight for the higher dimensional theories! 
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A J\f = 2 SU(2) superspace conventions 

We work with standard SU(2) J\f — 2 superspace. We define 

Vm = {Vm,VAa,Vs,) (A.l) 

A, B are spinor indices, the algebra of which being exactly the same as the M — 1 
case, which is fully explained in [7, 8]. a is an internal SU(2) index, which is raised 
and lowered with an SU(2)-invariant e""^ tensor, just like the spinor indices: T" = 
e°'^Ti,^Ta — T^e^a- We take £12 = 1. The basic rule of our conventions (different from 
other conventions in the literature) is that we use the northwest rule in every index 
(spinor or SU(2)) contraction. The complex conjugation rules are 

n^-V^a^W-^V^,VZ^VlV^^ -V^\ £^ = = -P^ ^ (A.2) 

All other conventions regarding spacetime metrics, the Riemann tensor, Pauli matrices, 
superspace torsions and curvatures are the same as in [7, 8] . 

B Solution to the Bianchi identities in A/^ = 2 SU(2) 
superspace 

In conformal supergravity, all torsions and curvatures can be expressed in terms of 
the basic superfields Wab^ Yab, U^j^, Xab, their complex conjugates and their covariant 
derivatives. After breaking of superconformal invariance and local U(2), the basic 
superfields in the Poincare theory become the physical field Wab and the auxiliary 
field p^. All torsions and curvatures can be expressed in terms of these superfields, 
their complex conjugates and their covariant derivatives. In sections B.l and B.2 we 
present the definitions of these superfields, and then we list the torsions and curvatures. 



16 



B.l Definitions 

p\\ is an auxiliary field; at the linearized level, is related to the field strength 

of the physical vector field A^. Prom (2.23), the complete expression is 

Now we present the definitions of the superfields of "old minimal" M = 2 supergravity 
in terms of Was and p\. The hermitian conjugates can be easily obtained from the 
basic rules in (A. 2), which are valid for and p^, and the definition 



X^' = ^ (V^^ - 2/-) pi = ^ (V^- - 2/-) ^ (B.2) 

Yab = -\{yl+'^PA)PBa (B.3) 

Uaa = ^ (V>i„ + V>A„ + 4p>^„) (B.4) 

Ka = ^ (VipI - V^pi - 4pipy (B.5) 

P = ^V^>^„ (B.6) 

HaA = -t-^lPAa + ^^APAa (B.7) 

= -iV^X"^ (B.8) 

/ = iV^»A^„ - ^V^^AAa (B.9) 

WsCAa = lyAaWBC-^-{eAB^Ca + eAC^Ba) (B.IO) 
Z D 

^BCia = -^V^^y^c (B.ll) 

W^ABCD = {^f^'^m-IYAB^WcD (B.12) 

Pabcd = I'^A^wycb + l^'c^mYAB-YABYcD-WABWcn 

- U^U^ (B.13) 

- 2 (W^^y^s + W^'^'^liij) - ^X'^Xab + 6C/' (B.14) 

-'^"^ , Yab\ 1 Um\ , ^"^A ' "^1 ' -^Ail auxihary fields; / is a dependent field. Wabcd 
is symmetric in all its indices, but Wabcc and y^^c'c are only symmetric 'm. A,B. In 
the linearized approximation, VFabccI and y^Bcd gravitino curls and Wabcd\-i 
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PABCb\i -^1 antiself-dual Weyl tensor, the traceless Ricci tensor and the Ricci 

scalar, respectively: 



Wabcc\ 




■-^^ABCc 


+ ■■■ 






g'^ABCc 


H 


Wabcd 




g ' ' nupa 


^AB^C 


^CDAB 

R\ 


1 

~ 2 


■n + --- 





1 

4* 



(B.15) 

(B.16) 

(B.17) 

(B.18) 
(B.19) 



B.2 Off-shell differential relations 

These off-shell differential relations among superfields are direct consequences of 
the Bianchi identities and the definitions in B.l. 



^CcWab 

^AaWBC 

Aa^bc 

^AaYBC 
^AaYBC 

^AoUbb 



2 

= P — £abX 



ab 



- --^ ^ab 



- s^'Uab - ^^AB 



-ie''''YAB^'^p\pB 

= -2%WBCAa + g {^AB^Ca + ^AC^Ba) 
= 2 i^ab-^Ac + ^ac-^Ab) 

— — g i^AB^Ca + ^AC^Ba) 

— '^'i-^BCAa 

~ ^ABBa 



2. 



= 0,V^P = 

= -SiW^B^" - ^A^ - Sp^'^Wab + ^Pp'X + 2p^"i/^i 

- Mp^^U^^ - SVaaP^" - ^KxPt 

^\Hj,^ = SieaeWJ'' + ^SabK - ^SabP^'^W^b - ^^^abP^^' 

- 2eABPp% - 2sABP^''HcB + ^pI^ab + Sip^C/^^ 

- ^PAb^B + ^PBbKii - ^'^BbP\ + ^"^AbPb 



ba 



bA 



'BBf 

-+:^£ab£ 



■PbUab 



3 



(B.20) 

(B.21) 
(B.22) 
(B.23) 

(B.24) 

(B.25) 
(B.26) 

(B.27) 
(B.28) 

(B.29) 



(B.30) 



(B.31) 
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V^A^ = '-leABs'^ + ^eABS^'VccU'''^ 

+ lisABs"' {y^'^Wcd - Y'^^Wcd) - QYabX'^' (B.32) 

V^A^ = 3z£«^ (V^^iy/ + v/y4s) - 3V^bX«^ - 6iC/^^^«^ (B.33) 

Bb^CDAa — ^baWQjjJ^^ + J^^fea {^AC^BD + ^ At^ Bc) ^ ~ ^BA^'^C^CbDa 

+ i^ha£cA^^t^CB_ + '^^BA^CDEbPt. ~ BA^CDEbPa, 

+ ^BA^'^h'^CeDa + '^^baYcBW^A + £5a£cB^MW"''''^CD 

+ ^ha^CB^DA-^"^ + ^ba^ CB^ DA^'^ + '^'''^ DA^CB-^ba 

+ 2iecBW^j,X^a (B.34) 

+ ^^Ac^BD^ab - 2eAcUBDXab + iSabUsA^CD 

+ 2ieabeAcUB''WsD (B.35) 

^ BlXcDAa ~ ^baPcDBA + '^^baS CA^DB ~ ^ 13 A^ ^ DaCb 

- 2e^AWcDEbPa + '^^BAyCDEbA + ^ bA^ Cb^"^ DaCe 

- iSBi^ab^CD + iesAXabWcD + SbgUfjAUpB (B.36) 

- «£6a>CDC/sA + 2«£6a^BcC^_Di + 2£Bct^_DA^^^ (B.37) 

+ 3e^e^^^e^l - 2^WMi.e>^CD (B.38) 

V^aW^iBCI) = 22V^c^WWa + ^AcW^ABDa + 4^^^M^MAa (B.39) 

^Be-^CDSi ^ '^^^CE^AbDc ~ CA^EBDp + ^^EB^CA^DE^e ~ '^^^CDE^Ab 

- i^E^CDBe + ^^E^i^EDBe ' "^i^CDWABEe 

- i^EA^CDW^^'^^ - 5eEAXe%DBf " EAWcDFeU^s 

+ ^EAUcBWuE'^^ + lUcBY^ADe + ^UcEYABDe (B-40) 

"^AaR = -^^^^'YABBa + ^^'^\W^c''a + 10X,,W^^^^^ - 2^^^^/^^/ 

Using (B.36) and (B.37), one may compute V^^F4^^„; replacing in (B.41), we get the 
more convenient expression 



VAaR = Ai^^W^a'^^ + UX^.Wj,^^' -2iW^^Y^^Aa 

- ^iWcBAa^^^ + ^'^U^^YABBa + ^U^Wj.c'^a (B.42) 
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B.3 Torsions 



rpabm O'ic'^^n-''^ 

rpabm rpabm r\ 

^AB : -'-Ab ~ ^ 

'^AaBbCci'^AaBbCc ~ ^ 

TAaBbCcT^aBbCc = 
rpamn rpamn q 

^AABbCc = --^£bci£ABUcJ^ + EacUba) 

1 

'^AAmcc ~ 2^ be {^Ab^ac + ^Ac^ab) 

'^AABbCc = ~^bc i^ABW^fj + E^^Yab) " i^AB^AC^bc 
^AABbCc = ^bc i^AcYj^B + ^Ab^Ac) + i^AC^AB^bc 
-'- mnp ^ 

'^aAbbcc = -^Ab^abcc - ^abYabcc 

'^AAbBCc = '^AbVFaBC'c + ^AB^ABCc (B.43) 

B.4 Lorentz curvatures 

RAaBbCD = —'^'i'^AB^abYcD + 2 {SaC^BD + ^AD^Bc) ^ab 

^AaBbCb = -'^iSABSabWcp, 

^AaBhCD = -'^ie^^EabWcD 

^AaBbCD ~ ~'^'^^AB^abYcD + ^ (EaC^BD + ^AD^Bc) -^ab 

^AaBbCD = ^ab {EbcUdA + ^BdU^a) 

^AaBbCD ~ ~^ab {^AC^BD + ^Ad^Bc) 

^AABbCD = -'^^BcXADAb + ^^ABYcoAb + ^ (^AC^BD + ^AD^Bc) W j^^ ^ 

i Q 

^AABbCD = ^^AcXABDb + '^^^ As^ACDb + -^^Ab^AcWd Bb 

i ^ 

^AABbCD — '^^AC^ABDb + '^'^^AbW^q^j^ + -EaB^AC^D 



g-^^-Ao;- ■ u Bb 

i 
2 

1 



^AABbCD — '^^BcYAbAb + ^^A_B^CI)Afo + o ^^AC^BD + ^ At)^ Bc) ^AB^ 



RaAbBCD — ^AbPcdAb + '^^AB {^AC^BD + SadSbc) R + Sj^^WabCD 

R-aAbbcd = ^AbPabcd + 'y2^^^ i^Ac^sb + ^Ad^bc) R + ^ab^Abcd (B.44) 
B.5 SU(2) curvatures 

RAaBbcd — —'^^AB {^bdXac — ^adXhc) — 2z {Eac^bd + ^ad^bc) YaB 
RAaBbcd ~ ~'^^AB {^bd-^ac ~ ^ad^bc) ~ 2z {Eac^bd + ^ad^bc) 
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^AaBbcd ~ ^ {SacSbd + ^ad^bc) 

B 2 

^AABbcd = '^'^^h^ABAc " ABSbdW ^ - -EABSbd^Ac 

B 2 

^AABbcd — '^^^^d^ABAc ~ '^'^^ AB^bd^AB c ~ '^^Ab^M^^c 

^AABBcd = -'^^AB {^ABEcPf " ^ABEcPd + -j^A^BEcd " 2^ a" BEd}j 
+ 2eAB {Wj,^i,,pl - Y^^^^_pf - Iv^^EBcd + l^%e^EM) 

We see that all torsions and curvatures can be expressed in terms of the basic su- 
perfields Wab, Yab, Uj^^, Xab, their complex conjugates and their covariant derivatives 
(see section B.l). This is obvious except for RaAbbcxI^ which may be rewritten as 



^AABBcd - ^Ab (^"^^^^ABCd + i^cdYAB " iXcdWAB ^ 

+ SABf^V^'cyABCd + iX.aYj.B-iXcdWj,^ (B.45) 



C The lagrangian in components 



C.l Calculation of V^^V^^V^^VF^ 

In this section, wc fully express the terms with two spinorial derivatives arising in 
the calculation of (3.8) as functions of those with one spinorial derivative, previously 
computed in appendix B. These terms are: 

^Cc^BbWAb = '^i^CcWAbBb-\£BA^cMb (C.l) 



^Cc^m^bEAa = -^abVccWDEAB " 2£a6 (V^^r^^j W " '^^abY^b^ eA 
+ '^^BA (^Ce^bEF^ Pb - '^^BA^^bEFcSccPb 



'^^BA iy C<XbEE^ Pb + '^^BA^bEEa'^CcPf ^ bA^ Cc^\^ EEab 
+ "^^bA^^ \^Cc^EEeb - '^i^Bb CcXab) W^A 



2ie^^XabV Cc'^eA + Q^ab^EA^BD^ Cc^ 



i^ab^Ejy C<y^b^EB + ^ab^bA^ BD^^^^ Cc^FF 
+ '^i^EA iyCc^Bb) Xab + HEeaXb^ CcXab 

+ ^ab^EA^B^^^^ C^AB + ISab^ eA^ bD^'^''^ Cc^de (C.2) 

% 3 3 

^C^Bb^Aa = g^ab£BA^cJ " 2^ab£ bA^ Cc^^^ ^ pp " ^iSabS bA^"^^^ Cc^AB 

+ yeabSBAW^^^^CcYbF + \i^oJ,e baY^^V Cc^ EF + ^^abV CcYbA 
+ (SYBAVccXab (C.3) 
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For (C.3) we need V^^I, which we compute here. 



- 24$ JV^,<I>^V - 6Vc,V^^ff^^ - {Vcy^) AAa + mp^'^Vc^Aa 

^Aa\ A _ 1/3„-„Aav7 . A . i /I O ( V7 . „Aa\ iir B 



+ 16z [Vay") A^a - 16^p-^«V^,A^„ + 48 [Va^^) W^^^^ 

- iSp^'^^Cc^AB^'a - 48 {^CcP^") W^^l + 48p^-^acWABi 

- 96iW^^pAaVccP% - ^QiW^^PAa^CcPl + ^^W%^ Cc^^^ 

- A8U^^ i^CcPAa) P\ + ^^^U^^PAa^CcPA " ^^PAaP^^ CcU^^ 

+ 48^ {Vc^pAa) V^^P'X - ^StpAa'^Cc'^^^PA ' 48^ i^^CcPAa) ^^^P\ 

+ 48^p^,Vc.,V^^p^ + m^tApt^CcPt + '^Q^KApt^ CcPt 

+ mpiptVcA (C-4) 

Terms involving combinations of vector and spinor covariant derivatives may be writ- 
ten as vector derivatives of the relations listed in appendix B using the commutation 
relations. 

C.2 Calculation of ^ cc^ a<W'^ 

In this section, we fully express the terms with two and three spinorial derivatives 
arising in the calculation of (3.9) as functions of those with one spinorial derivative, 
previously computed in appendix B. These terms are: 

^bd^Cc^mWEF = '^^m^CcWEFm-\^BE^bd^cAFb (C-5) 

^bd^Cc^m^EFAa = -^alNtxNcc^EFAB ' 2^a6 {^^^00^^^} ^ PA 

G 



- '2eabYsE^i,,Wcc^pA + '^^bA (y m^CcV^EFGa) Pb_ 
+ i^CcWEFGa) ^mPb - '^^bA i^bdWEFGa) ^ CcPb 

+ '2^BAWEFGa'^b<NccPb " '^^bA {"^ bd^ CcYEFEa) Pb_ 

~ '^^BA W CiXeFEo) bdPb + 2£^A W bdYEFEa) CcPb 



G 



'^^BA^EFEo^ bdS CcPb ^BA^ b(N CiN E^EFab 
+ '^^bA^% ^'^bd^Cc^EFeb - '^^bA (Vcc* i \) ^bd^EFeb 
- i^ab^E^ bd^C^^FpEB + ^ab^EA^BF bd^^^^) Cc^GG 



+ ^abSEA^BpU'^^Dd^CcUGG " 2^^BS (V^.V^.X.^) WpA 

+ 226^^ {^ccXab) ^DdWpA - '^iepp (V^,X,,) VccWpA 

- "^^^BE^ab^ c^PA - '^^^Ae i^bd^Cc^ab) Ypjj 
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- '^i^AE^ab^Dd^Cc^FB + ^ab£ eA^ bF^^^'^ Dd^ Cc^AB 

+ 2eabeEA^Bp iy td^''^) ^ Cc^ef + 2eab£EA^BF^^^'^ Dd'^Cc^ef 

+ Q^ab^EA^BF^Dd^Cc^ (C-6) 

^Dd^Cc^Bb^Aa = -l^abeBA^Dd'^Cc'^^^U,.^-^ieabeBAW^''^Da^CcYAB 

3 3 

+ ^i^abSsA i^DdW''^) ^CcyEF + ^^^abS bA^^''^ Dd^ CcYeF 

+ l^^abSsA {"^Ddy"^^) "^CcWef + l^^abSBAy^^^Dd^CcWEF 
+ 6 {V^.Xab) Vc^y^A + ^XabV Dd^ c^yBA + ^YbA^ bd^ Cc^ab 

+ 6 (Vo,yB^) Vc,Xa, + IsabSBA^ud^ccI (^-7) 

These results require knowing second spinorial derivatives of superfields, some of 
which we have computed in section C.l, but others we have not computed yet. We 
present those here: 



^bd^Cc^EFAB = -'^^{'^bdyBAjWBEFc-^^BA^DdWBEFc 

- S^CF (^Dd^c") ^ABEe " CF^c"^ bd"^ ABEe 

- 2^ (V^^y^) W^cc - '^^yAB^bd'^EFCc - 2^^c£V^,V^^y^^, 

+ '^^Ctiy Dd^^b)yABEc^'^^CFp^^ bdyABEc (C-8) 

"^bd^CcPm = -^CB^bd^cb - i^cb^bdybc + '^Pb^ bdPcb - '^Pcb^ bdPsc (C-9) 

^ bd^CcPBb = -^^cb^bd^BC - ^cb^bd^BC + ^"^bd^BCcb + "^PBc^bdPcb 

- '^Pcb'^bdPBc (C.IO) 
^ bdS CiXASAa — ^ac^ bdS AAyCB + 2«£ac bd^ AA) yCB + 2?e^ac^Ai.^Dd^C'B 

- iSac i^bdUAc) YAB - ^^acUAC^ bdYAB " ^ac£cB^ bd^\^AB 
+ i^cb^ bdS AA^ac — '^^CB bd^ AA) -^ac 

- ^^CBUAA^bdXac (C.ll) 

V^dVcc^SSba = '^i^bc£BC^bdWBA\ + ^^bc^ bC^ bd^Ba + ^SbcSBC bdpt) ^AB 

- 2i£bcV ^^Y^QBa + 2£c6 iybdPBq) ybC ~ '^^cbPB^ bdyBC 

- iScb iybdPc^ UsB + i^cbPca^ bd^BB + '^^^cb bdPB^ 

- 2iecbPBy bdUBC + ^^cb i^bdP^d) ^BBea " ^^cbP^^Dd^BBea 

- 2ecbS BBPca " "^^^BC bdPBb) X^a + 2ie^^pBb^ t)d^ca 

+ '2(ybdPcb)^BBca-'^PcbyDd^BBca (^-12) 

^bd^CcUBB = -^bdyBCBc-^BC^bdWAB\ + \i£BC^bd^Bc (C.13) 
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- l2W^^Vi,,Vc,Y^^ - 12 (V^,y^^) Vc;,W^^ 



AB 
^AB 



Cc'^FF 



■ FF 



+ 2,H^^V^,Vc,H^p - 24 {Vt,Xi) V cM 

- 24$r/v^,Vc;,$^> - ^^m^c^^H^p 

- m (v^,Vc;y») AAa - 16z (Vc,,p^") V^,A^„ 

+ 16i (V^,p^«) Vc;,AAa - 16ip^«V^,Vc.,AAa 

+ (v^.v^.p-^'^) A^, + m (v^y«) V^,A^„ 

+ 48 (v^,Vc,,p^'^) + 48 (Vc,,p^«) V^,iy^^^„ 

- 48 (V^,p^«) Vc,,M^^B^a + 48p^»V^,Vc,,W^s^a 

- 48 (V^.V^.p^'^) - 48 [V^y^) Vj,,W^^l 
+ 48 (V^.p^'^) Ve.W^^^l - 48p^'^V^,Ve,W^^^t 

- mW^^ [Vt^aPAa] Vc^B + 96^1^^^pAaV^,Vc.,P^ 

+ 96il^^^p4„V^,Vc;,p| - 96ip^„ (V^^pl) Vc,,W^^^ 

+ 48^p^„p^ V^.VeeVP^^^ - 48 {Vt,,Vc,pAa) P\U^^ 

- AW^^ {Vc^PAa) V^,p\ + 48 {Va^pAa) pY^dJJ^^ 
+ 48 (V^,^^^) PAaVc.p\ + 48^^^ ( V^,pAa) V c.p\ 

- AW^^pAa^oa^ccPA - 48 mPAa) p'a^ccU^^ 

+ 48p^„ (V^,p^) Wc^U^^ - A8pAaP\^D,^CcU^^ 

+ 48i ( V^,Vc.ePAa) V^^p^ + 48z (V^,PA„) V^,V^^p^ 

- 48i (V^,pAa) V^.V^^p" + 48ip^„V^,V^,V^^p^ 

- 48i (V^,Vc,p^ J V^^pl - 48i (Vc-ePi J V^,V^^p^ 
+ 48^ (V^,p^J V^.V^^p^ - 48.p^„V^,Ve,V^^p^ 
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- 96i$t^p^V^,V^,pf + 96^ (V^.^t^) p^V^^pf 

+ 96z (V^.pf ) p^Vce$t4 - 96^p^ (V^,p^) V^e^^i 

+ 96ip>^V^,Vc;,$t4 (C-14) 

Because of the ^ t,^ cJ- term in ^ t)d^ m^Aai '^^^^ need the following 
terms: 

Vi,rfVeeP = -StVr,,W^^i - I'^nAcc + 8 (V^,pf ) 14-^5 - 8pf V^,l^^^ 
+ 2 (V^,P) + ^P^DdPcc + 2 (Vi,,p,^) - 2p^V^,Hac 
+ 4i (Vi^pf ) C/cc - 4ipf V^,C/cc - SVi,,VccPc 
+ 8 ( V^rf^ccr J P""' + S^ccc.V^dP''' (C.15) 

- "^i^CB^bc^ DdPB + ^l^CSpB^Dd^bc " 2£^^PV^aPBc 

- '^^CsHBA^DdPc + ^^CBPc^DdHBA ' ^YcB^ DdPBc 
+ 4:pBc^DdYcB - 2«^i3i3 V^^Pc^ + ^ip^y^^U^B 

+ ^^BBhc^bdPd - ^Pd^Dd^BBbc - ^^bd^BBPCc 

+ ^'^bd'^BCpBc+^p'B^bd^BCJ^c-^^BC.c'^bdp'B (^-16) 

+ 6i ( V^,C/sc;) + Bit/^^ V^,X,, (C.17) 

V£)dV(J,WOlBCc = -Scb'^ oa"^ AC^BC + 2i£c& (V^j^C/^c) WbC - ecbSBC^Dd^AyBC 

- iSBC^bd^AC^cb - iScb C^bdUcc) ^AB - ^EbC {"^ bdUAc) ^cb 

- 2sBcUAcVr,aXcb (C.18) 
"^bd'^cJAB = 2iV^,Y^scc (C-19) 

"^Dd^cJAB = l^CB^bd^Ac (C.20) 
^bd^cc^ab = ~ie^Vt,aAcb (C.21) 

All other differential relations we will need involve combinations of vector and spinor 
covariant derivatives. Terms containing these expressions are very important for our 
analysis, since a lot of the derivatives we are looking for come from them. They may be 
written, using the commutation relations, as vector derivatives of the relations we have 
seen plus torsion and curvature terms. Some of the torsion terms require differential 
relations involving undotted and dotted spinorial derivatives which we compute now: 

^A^dPb = -|£cs^^'V^P-£cbVU'='-^^'M^cb + 2p^V>^ 

- 2p^V^p^^ (C.22) 
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- '^p'c^>B (C.23) 

- AscBP'^'^ViWBc + ^iScBX'''Vipf - Aie^BPf^iX'^' 

- 2scBP'B^iP - 2eaBPyWB - '^^cbHba^'dP^" 

+ 2ip^^V^[/s^ - 8$^^5 V^pe. + 8pc.V^$^^^ + 8^'^c^'nPB, 

- ^PbiNd^'bc - ^^'h^BBP'b + ^^'d^bcPb (C.24) 

^ 2 

^DcL^CcUbB = -^DdYcBBc + ^CB^DdWBCc-n^^CB^DdABc (C.25) 



- 2e^'-p%ViY^^ - le'^'-U^^VUl + ^^'^VjV^^^^ + 2ie'^'-U ^^^^ff- 

- 2te^'-p^V'hU^c + 2tecBX"^Vif^B - 2^e^sp|V^X^^ + 2$|^ V^p^ 

- 2pJV^$|^ - 4e^^$f^V^p^, + 4e^VceV^>*|^ - 2e^^V^V^^pJ 

(C.26) 

All these expressions should be enough for the direct computation of (3.9). 

D Calculation of the derivative terms 

2 

In this appendix, we compute the terms arising in the calculation of V^^^V^^V^^VT 
and V^j^V^^V^^V^^VF which contain vector derivatives of the auxiliary fields P, Hm 
(excluding V™i/rn, as justified on the text). For each expression, we indicate its content 
in terms of the derivatives of interest. The derivatives of some of these expressions will 
also be necessary; for those expressions, we give their field content in terms of P, Hm- 
Through all this appendix, we will be only interested in the derivatives we mentioned 
and, therefore, we will only consider here expressions which contain them. Those 
expressions we do not consider here simply do not contain such derivatives, as it can 
be verified using their expansions in appendix C. 

D.l Calculation of the derivative terms in V^^V^^V^^VF 
Prom (3.8), the following expressions are necessary: 

V^cV^Wd^; = 1^"'^db^ec{pP + H'-2V^aH^^) + --- (D-27) 
n^%W^EA = -'^^BAe^'PW^J+'^W^'H^cY^/'-+... (D.28) 

K^AAP^c = -le'''^BC^AAP + {e'''Y^BHAC + le'''^ABWj'H^c 



B 
a 
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- 1^'''UaaH^c + \^'''U^cH\ + --- (D.30) 

V^^V^i^crc = '^^cbP'o'^aaP + '^^cbP^aAPc + '^ecBP'''^ aaHcd 

+ 2£cr^^c/i)V^^p^'' + • • • (D.31) 

2 

D.2 Calculation of the derivative terms in V^^V^^^V^^V^^VT 

In order to compute the derivatives in (3.9), besides the previous expressions we 
also need 

VjV^P = -2ie'^^V ccH% + ■ ■ ■ (D-32) 

- ie^,/^Y^Hj,^ + 4^e'^^if^^y^^ + ■ • • (D.33) 
+ ■■■ (D.34) 

'^lo^AA'^d^BB = i^CB^AB^'^yAt)^ EisH^^ - i^'^^YAt)'^ BB^ AC 

+ 2te'Y^^V^cHAB + iecBeADe'"'WABVj,j,H^'' 

~ ^CB^Ad^AbX'^"^ ^^H^^ + SaD^'^'''^ BB^AC 

- 2e^^X BC^AB ~ ^bcP^^aaS bdP ~ ^cA^'^^ad^bbP 
+ 2£^^£''^C/^^Vsc^ + 2i£BC^'^V^^V5^P 

- ief)ce'^''WBV j^xHfjj^ - 26^0^'^'''^ aA^bd 

- lence'-Y^^VAAHBE + 4ze''=l'cDV^^i/B^ + • • • (D.35) 
^t^'c^AAHsB = ^"b^AA^'cHsB db^abs'^ac'^ eeH""^ + ^^''Yac^ bbHad 

+ ^e'''sAcWfVBBHcD -2ie''^eAcWfVcBHBb 

- sabSbb'^ac^'^''^ eeH^^ 

+ ^AC-^ BB^Ab ~ '^^AC-^ AB^BD 

- e''^eBcUAA'^BDP + '^^"'^BDUAcNBAP + --- (D-36) 

Remarkably, when we contract the A, B and A, B indices, lots of terms in the previous 
equations cancel by themselves. Ignoring the W^^H^^ parts, in which we are not 
interested, we are simply left with 
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We also need more derivatives of p^: 

- l^CB^'^'H^j.p^^-r--- (D.38) 

V?,V^V^^p^ = -'-e<^^e^^p'^r^^j^P+'-e<^'^e^J^^j^P+... (D.39) 

^e'^p'c^AAHBb + • • • (D-40) 



2 

With respect to derivatives of ^"^j^-, we need: 

7 1 1 

-e £ J^BD^BC 2 "^BD ^ 

- i^'^-^DC^^P - '2''^^DC^%P + l^'^e^'-s^c'^^^P + ■ ■ -(0.41) 
V^V^$S^ = ^^^^'-V^B^zpc + • • • (D.42) 

- '^W^^'-^b'^'^aaHod + '^W'^s'-WB^'^AAHnc 

- '^'cA^'^s'^-W/'^BBHnD + \et,j,e'^e'''-Wj,''VBBHnc 

_|_ IpCa 'ifey-. . V7 . o- . _ '!_pca dby. . vv . tJ . 
2 ^ BC^ AA^BD 2 ^ BD^ AA^BC 

~ 2^'^^'^^Ad^ BB^AD + 2^^^'^~^^£'^BB'^^C' 

~ 2 c'^ ^aa-"b£) ~ 2 ^ aA^bc 

- \ecAe'-X'-^BBHAD + ^e,,i£^^X'^^V^^i/^e + " " " (D-43) 

We did not include in (D.41) and (D.43) those terms with a U^^j^ ^j^P factor, simply 
because these terms exist in partial calculations, but overall they cancel. The term 
with V^^V^^P does not cancel in (D.43), but this expression appears in (C.6) as 
V^V^V^^$^''^. Therefore, this term appears as V^V^^P, a commutator that does 
not have vector derivatives. 

Replacing all the appropriate expressions in (C.14), with suitable contraction or 
symmetrization of the adequate indices, and adding all terms, we are led to the sur- 
prising and exciting result that V od^cc-^, like V^^,/, also has no derivatives of P, H^^ 
other than V^^H^"^. We analyze the other terms from (3.9) in the main text. 
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